In the present paper we present results of calculations obtained with the use of the theoretical method described in our preceding paper [1] and perform detail analysis 
I. INTRODUCTION
In our preceding paper [1] , we introduced a novel and general theoretical method for the description of phase transitions in finite complex molecular systems. In particular, we have demonstrated that for polypeptide chains, i.e. chains of amino acids, one can identify specific twisting degrees of freedom that are responsible for the folding dynamics of these amino acid chains. In other words, these degrees of freedom characterize the transition from a chain in a random coil state, to one in an α-helix structure and vice versa.
The essential domains of the potential energy surface (PES) of polypeptides with respect to these twisting degrees of freedom have been calculated and thorougly analyzed on the * On leave from the A.F. Ioffe Institute, St. Petersburg, Russia. E-mail: ilia@fias.uni-frankfurt.de analyzed the temperature dependence of the heat capacity, latent heat and helicity of alanine polypeptides consisting of 21, 30, 40, 50 and 100 amino acids. We have also established a correspondence between our ab initio method with the results of the semiempirical approach of Zimm and Bragg [4] . Thus, on the basis of our approach, we have determined the key parameters of the Zimm-Bragg theory that itself utilizes principles of statistical mechanics.
Finally, we have calculated the heat capacity, latent heat and helicity of alanine polypeptides using molecular dynamics and have compared the obtained results with those using our statistical approach. Comparison between the two methods allows us to establish the accuracy of our statistical method for relatively small molecular systems, and lets us gauge the feasibility of extending the description to larger molecular objects for which it is especially essential in those cases where MD simulations are hardly possible due to computational limitations.
Our paper is organized as follows. In section II we present the final expressions obtained within the formalism described in our preceding paper [1] and introduce basic equations and the set of parameters which have been used in MD calculations. In section III we present and discuss the results of computer simulations obtained with the use of developed theoretical method and compare then with results of MD simulations. In section IV, we draw a conclusion to this paper.
II. THEORETICAL METHODS

A. Statistical model for the α-helix↔random coil phase transition
Our calculations have been performed using the statistical formalism we described previously [1] . Here, we will only outline the basic ideas of this method and present the final expressions that were used in our investigation.
Let us consider a polypeptide, consisting of n amino acids. The polypeptide can be found in one of its numerous isomeric states with different energies. A group of isomeric states with similar characteristic physical properties is called a phase state of the polypeptide. Thus, a regular bounded α-helix state corresponds to one phase state of the polypeptide, while all possible unbounded random conformations can be denoted as the random coil phase state.
The phase transition is then a transformation of the polypeptide from one phase state to another, i.e. the transition from a regular α-helix to a random coil conformation.
All thermodynamical properties of a molecular system are described by its partition function. The partition function of a polypeptide can be expressed as [1] 
Here the first and the third terms in the square brackets describe, respectively, the partition function of the polypeptide in the α-helix and the random coil phases. The second term in the square brackets accounts for the situation of phase co-existence. The summation in this term is performed up to n − 4 as the shortest α-helix has only 4 amino acids. The final term in the square brackets accounts for the polypeptide conformations in which a number of amino acids in the α-helix conformation are separated by amino acids in the random coil conformation. The first summation in this term goes over the separated helical fragments of the polypeptide, while the second summation goes over individual amino acids in the corresponding fragment. Polypeptide conformations with two or more helical fragments are energetically unfavorable. This fact will be discussed in detail further on in this paper.
Therefore, the fourth term in the square brackets Eq. (1) can be omitted in the construction of the partition function.
A in Eq. (1) is a factor that is determined by the specific volume, momenta of inertia and frequencies of normal vibration modes of the polypeptide in different conformations [1] , l s is the total number of the "soft" degrees of freedom in the system. B(kT ) is a function defined in our preceding paper [1] , which describes the rotation of the side radicals in the polypeptide. Z b and Z u are the contributions to the partition function from a single amino acid being in the bounded or unbounded states respectively. They can be written as:
where k and T are the Boltzmann constant and the temperature respectively, while N is the total number of atoms in the system. ǫ (b) (ϕ, ψ) and ǫ (u) (ϕ, ψ) in Eqs. (2)- (4) are the potential energies of a single amino acid in the bounded and unbounded conformations calculated respectively versus the twisting degrees of freedom ϕ and ψ. These degrees of freedom are defined for each amino acid of the polypeptide except for the boundary ones and are described by two dihedral angels ϕ i and ψ i (see This is the expression which we then use to evaluate all thermodynamical characteristics of our polypeptide system.
FIG. 1:
Dihedral angles ϕ and ψ used for characterization of the secondary structure of a polypeptide chain.
B. Molecular dynamics
Molecular dynamics (MD) is an alternative approach which can be used for the study of phase transitions in macromolecular systems. Within the framework of MD, one tries to solve the equations of motion for all particles in the system interacting via a given potential.
Since the technique of MD is well known and described in numerous textbooks [34, 35, 36] , we will only present the basic equations and ideas underlying this method.
MD simulations usually imply the numerical solution of the Langevin equation [36, 37, 38] :
Here m i , r i , v i and a i are the mass, radius vector, velocity and acceleration of the atom i.
U(R) is the potential energy of the system. The second term describes the viscous force which is proportional to the particle velocity. The proportionality constant β i = m i γ, where γ is the damping coefficient. The third term is the noise term that represents the effect of a continuous series of collisions of the molecule with the atoms in the medium. To study the time-evaluation of the system, the Langevin equations of motion, Eq. (5), are integrated for each particle.
In this paper, we use the MD approach to study the α-helix↔random coil phase transition in alanine polypeptides and compare the results with those obtained using the statistical mechanics approach. For the simulations, we use the CHARMM27 force field [39] to describe the interactions between atoms. This is a common empirical field for treating polypeptides, proteins and lipids [39, 40, 41, 42, 43] .
MD simulations allow one to study the α-helix↔random coil phase transition of alanine polypeptide as this process occurs on the nanosecond time scale. From these simulations, one can obtain the important characteristics of the phase transition, such as the transition temperature, maximal heat capacity, the temperature range of the transition and the latent heat.
We perform MD simulations of alanine polypeptides consisting of 21, 30, 40, 50 and 100 amino acids. For this study it is necessary to specify the initial conditions for the system, i.e. to define the initial positions of all atoms and set their initial velocities. We assume the initial structure of the polypeptides as an ideal α-helix [26, 44, 45] and assign the particle velocities randomly according to the Maxwell distribution at a given temperature. and an integration step of 2 fs. The first 25 ns of the simulation were used to equilibrate the system, while the next 75 ns were used for obtaining data about the energy and structure of the system at a given temperature.
The set of the parameters used in our simulations can be found in Refs. [34, 35, 36] .
All simulations were performed using the NAMD molecular dynamics program [35] , while visualization of the results was done with VMD [46] . The covalent bonds involving hydrogen atoms were considered as rigid. The damping coefficient γ was set to 5 ps −1 . The simulations were performed in the NV T canonical ensemble using a Langevin thermostat with no cutoff for electrostatic interactions.
III. RESULTS AND DISCUSSION
In this section we present the results of calculations obtained using our statistical mechanics approach and those from our MD simulations. In subsection III A we discuss the accuracy of this force field as applied to alanine polypeptides. In subsection III B we present the PESs for different amino acids in alanine polypeptide calculated versus the twisting degrees of freedom ϕ and ψ (see Fig. 1 ). In subsection III C, the statistical mechanics approach is used for the description of the α-helix↔random coil phase transition. Here, the results of the statistical mechanics approach are compared to those obtained from MD simulations. In subsection III D the statistical independence of amino acids in the polypeptide is discussed.
A. Accuracy of the molecular mechanics potential
The PES of alanine polypeptides was calculated using the CHARMM27 force field [39] that has been parameterized for the description of proteins, in particular polypeptides, and lipids. Nevertheless, the level of its accuracy when applied to alanine polypeptides cannot be taken for granted and has to be investigated. Therefore, we compare the PESs for alanine tri-and hexapeptide calculated using the CHARMM27 force field with those calculated using ab initio density functional theory (DFT). In the DFT approach, the PES of alanine triand hexapeptides were calculated as a function of the twisting degrees of freedom, ϕ and ψ (see Fig. 1 ), in the central amino acid of the polypeptide [32] . All other degrees of freedom were frozen.
To establish the accuracy of the CHARMM27 force field, we have calculated the PESs of alanine polypeptides in its β-sheet conformation. The geometry of alanine tri-and hexapeptide used in the calculations are shown in Fig. 2a and Fig. 2b respectively. The ab initio calculations were performed [32] using B3LYP, Becke's three-parameter gradient-corrected exchange functional [47] with the gradient-corrected correlation functional of Lee, Yang and Parr [48] . The wave function of all electrons in the system was expanded using a standard basis set B3LYP/6-31G(2d,p). The PESs calculated within the DFT approach have been analyzed in Ref. [32] .
The difference between the PESs calculated with the CHARMM27 force field and with the B3LYP functional is shown in Fig. 3 for the alanine tripeptide (left plot) and for the alanine hexapeptide (right plot).
From Fig. 3 , we can see that the energy difference between the PESs calculated with the CHARMM27 force field and with the B3LYP functional is less than 0.15 eV. To describe the relative deviation of the PESs, we introduce the relative error of the two methods as follows:
where E B3LY P (ϕ, ψ) and E CHARM M 27 (ϕ, ψ) are the potential energies calculated within the DFT and molecular mechanics methods respectively. Calculating η for alanine tri-and hexapeptide, one obtains: η 3×Ala = 27.6 % and η 6×Ala = 23.4 % respectively. These values
show that the molecular mechanics approach is reasonable for a qualitative description of the alanine polypeptide. Note however, that the PES obtained for alanine hexapeptide within the molecular mechanics method is closer to the PES calculated within the DFT approach. This occurs because the PESs E CHARM M 27 (ϕ, ψ) and E B3LY P (ϕ, ψ) of alanine hexapeptide were calculated for the structure optimized within the DFT approach, while
the PESs E CHARM M 27 and E B3LY P of alanine tripeptide were calculated for the structure optimized within the molecular mechanics method and the DFT approach respectively.
Our analysis shows that the molecular mechanics potential can be used to describe qualitatively the structural and dynamical properties of alanine polypeptides with an error of about 20 %. In the present paper, we have calculated the thermodynamical properties of alanine polypeptides with the use of MD method and compared the obtained results with those attained from the statistical approach. However, ab initio MD calculations of alanine polypeptides are hardly possible on the time scales when the α-helix↔random coil phase transition occurs, even for systems consisting of only 4-5 amino acids [30, 31, 32, 33, 49] .
Therefore, we have performed MD simulations for alanine polypeptides using molecular mechanics forcefield. In order to establish the accuracy of the statistical mechanics approach, the PES used for the construction of the partition function was also calculated with the same method.
B. Potential energy surface of alanine polypeptide
To construct the partition function Eq. (1), one needs to calculate the PES of a single amino acid in the bounded, ǫ (b) (ϕ, ψ), and unbounded, ǫ (u) (ϕ, ψ), conformations versus the twisting degrees of freedom ϕ and ψ (see Fig. 1 ). The potential energies of alanine in different conformations determine the Z b and Z u contributions to the partition function, defined in Eqs. (2)- (3). On the PES corresponding to the tenth amino acid in the polypeptide (see Fig. 4e ), one can identify a prominent minimum at ϕ = −81
• and ψ = −71
• . This minimum corresponds to the α−helix conformation of the corresponding amino acid, and energetically, the most favorable amino acid configuration. In the α−helix conformation the tenth amino acid is stabilized by two hydrogen bonds (see Fig. 5 ). With the change of the twisting angles ϕ and ψ, these hydrogen bonds become broken and the energy of the system increases. 5 ) and therefore are more weakly bounded than the amino acids inside the polypeptide. The change in the twisting angles ϕ and ψ in the corresponding amino acids leads to the breaking of these bonds, hence increasing the energy of the system. However, the boundary amino acids are more flexible then those inside the polypeptide chain, and therefore their PES is smoother. acid (see Fig. 5 ). Therefore, to determine the potential energy surface of a single amino acid in the bounded, ǫ (b) (ϕ, ψ), and unbounded, ǫ (u) (ϕ, ψ), conformations, we use the potential energy surface calculated for the second amino acid of the alanine polypeptide (see Fig. 4a ), because only this amino acid forms single hydrogen bond with its neighbors (see Fig. 5 ).
The PES of the second amino acid Fig. 4a has a global minima at ϕ = −81
• and ψ = −66 • , and corresponds to the bounded conformation of the alanine. Therefore the part of the PES in the vicinity of this minima corresponds to the PES of the bounded state of the polypeptide,
. The potential energy of the bounded state is determined by the energy of the hydrogen bond, which for an alanine is equal to E HB =0.142 eV. This value is obtained from the difference between the energy of the global minima and the energy of the plateaus at Fig. 4a ). Thus, the part of the potential energy surface which has an energy less then E HB corresponds to the bounded state of alanine, while the part with energy greater then E HB corresponds to the unbounded state.
In Fig. 6 we present the potential energy surfaces for alanine in both the bounded (plot a) and unbounded (plot b) conformations. Both PESs were calculated from the PES for the second amino acid in the polypeptide, which is shown in plot c) of Fig. 6 . 
Internal energy of alanine polypeptide
Knowing the PES for all amino acids in the polypeptide, one can construct the partition function of the system using from Eq. (1). Plots a) and b) in Fig. 6 show the dependence of ǫ (b) (ϕ, ψ) and ǫ (u) (ϕ, ψ) on the twisting angles ϕ and ψ, while ǫ (b) and ǫ (u) define the contributions of the bounded and unbounded states of the polypeptide to the partition function of the system (see Eqs. (2)- (3)). The expressions for Z b and Z u are integrated numerically and the partition function of the polypeptide is evaluated according to Eq. (1).
The partition function defines all essential thermodynamical characteristics of the system as discussed in Ref. [1] .
The first order phase transition is characterized by an abrupt change of the internal energy of the system with respect to its temperature. In the first order phase transition the system either absorbs or releases a fixed amount of energy while the heat capacity as a function of temperature has a pronounced peak [26, 28, 29, 50] . We study the manifestation of these peculiarities for alanine polypeptide chains of different lengths. heat is the energy that the system absorbs at the phase transition. Fig. 7 shows that the latent heat increases with the growth of the polypeptide length. This happens because in the α-helix state, long polypeptides have more hydrogen bonds than short ones and, for the formation of the random coil state, more energy is required.
The characteristic temperature region of the abrupt change in the internal energy (halfwight of the heat capacity peak) characterizes the temperature range of the phase transition.
We denote this quantity as ∆T . With the increase of the polypeptide length the dependence of the internal energy on temperature becomes steeper and ∆T decreases. Therefore, the phase transition in longer polypeptides is more pronounced. In the following subsection we discuss in detail the dependence of ∆T on the polypeptide length. With the molecular dynamics, one can evaluate the dependence of the total energy of the system on temperature, which is the sum of the potential, kinetic and vibrational energies.
Then the heat capacity can be factorized into two terms: one, corresponding to the internal dynamics of the polypeptide and the other, to the potential energy of the polypeptide conformation. The conformation of the polypeptide influences only the term related to the potential energy and the term corresponding to the internal dynamics is assumed to be independent of the polypeptides conformation.
This factorization allows one to distinguish from the total energy the potential energy term corresponding to the structural changes of the polypeptide. The formalism of this factorization is discussed in detail in Ref. [1] . The energy term corresponding to the internal dynamics of the polypeptide neither influence the phase transition of the system, nor does it grow linearly with temperature. The term corresponding to the potential energy of the polypeptide conformation has a step-like dependence on temperature that occurs at the temperature of the phase transition. Since we are interested in the manifestation of the phase transition we have subtracted the linear term from the total energy of the system and consider only its non-linear part. The slope of the linear term was obtained from the dependencies of the total energy on temperature in the range of 300-450 K • , which is far beyond the phase transition temperature (see Fig. 7 ). Note that the dependence shown in Fig. 7 corresponds only to the non-linear potential energy terms.
The heat capacity of the system is defined as the derivative of the total energy on temperature. However, as seen from Fig. 7 the MD data is scattered in the vicinity of a certain expectation line. Therefore, the direct differentiation of the energy obtained within this approach will lead to non-physical fluctuations of the heat capacity. To overcome this difficulty we define a fitting function for the total energy of the polypeptide:
where E 0 , ∆E, T 0 , γ and a are the fitting parameters. The first and the second terms are related to the potential energy of the polypeptide conformation, while the last term describes the linear increase of the total energy with temperature. The fitting function Eq. (7) was used for the description of the total energy of polypeptides in earlier papers [15, 51] . The results of fitting are shown in Fig. 7 with the thin solid lines. The corresponding fitting parameters are compiled in Tab. I. Furthermore, MD simulations demonstrate that with an increase of the polypeptide length, the temperature of the phase transition shifts towards higher temperatures (see Fig. 7 ). The temperature of the phase transition is described by the fitting parameter T 0 in Tab. I. Note also, that the increase of the phase transition temperature is reproduced correctly within the framework of the statistical mechanics approach, as seen from Fig. 7 .
Nonetheless, the results of MD simulations and the results obtained using the statistical mechanics formalism have several discrepancies. As seen from Fig. 7 the latent heat of the phase transition for long polypeptides obtained within the framework of the statistical approach is higher than that obtained in MD simulations. This happens because within the statistical mechanics approach, the potential energy of the polypeptide is underestimated. Indeed, long polypeptides (consisting of more than 50 amino acids) tend to form short-living hydrogen bonds in the random coil conformation. These hydrogen bonds lower the potential energy of the polypeptide in the random coil conformation. However, the "dynamic" hydrogen-bonds are neglected in the present formalism of the partition function construction.
Additionally, the discrepancies between the two methods arise due to the limited MD simulation time and to the small number of different temperatures at which the simulations were performed. Indeed, for alanine polypeptide consisting of 100 amino acids 26 simulations were performed, while only 3-5 simulations correspond to the phase transition temperature region (see Fig. 7 ).
Heat capacity of alanine polypeptide
The dependence of the heat capacity on temperature for alanine polypeptides of different lengths is shown in Fig. 8 . The results obtained using the statistical approach are shown with the thick solid line, while the results of MD simulations are shown with the thin solid line. Since the classical heat capacity is constant at low temperatures, we subtract out this constant value of the for a better analysis of the phase transition in the system. We denote the constant contribution to the heat capacity as C 300 and calculate it as the heat capacity value at 300 K • . The C 300 values for alanine polypeptides of different length are compiled in the second column of Tab. II. Fig. 8 calculated using the statistical approach. Heat capacity at 300 K, C 300 , the transition temperature T 0 , the maximal value of the heat capacity C 0 , the temperature range of the phase transition ∆T and the specific heat Q are shown as a function of polypeptide length, n. As seen from Fig. 8 , the heat capacity of the system as a function of temperature acquires a sharp maximum at a certain temperature corresponding to the temperature of the phase transition. The peak in the heat capacity is characterized by the transition temperature T 0 , the maximal value of the heat capacity C 0 , the temperature range of the phase transition ∆T and the latent heat of the phase transition Q. These parameters have been extensively discussed in our preceding paper [1] . Within the framework of the two-energy level model describing the first order phase transition, it is shown that: [4] . C 300 denotes the heat capacity at 300 K • , which are compiled in table II.
Here ∆E and ∆S are the energy and the entropy changes between the α−helix and the random coil states of the polypeptide, while n is the number of amino acids in the polypeptide. is about 30% in the vicinity of the phase transition (see Fig. 8 ).
At present, there are no experiments devoted to the study of phase transition of alanine polypeptides in vacuo, but such experiments are feasible and are already planned [60] .
In Ref. [19] the temperature of the α-helix↔random coil phase transition was calculated.
Depending on the parameter set, the temperature of the transition ranges from 620 K • to
K
• for right-handed α-helix, and from 730 K • to 800 K • for a left-handed α-helix.
In our previous work [2] on to the theoretical study of phase transitions in polypeptide chains, we have introduced the basic ideas of a theoretical method which we have described in detail in Ref. [1] and which we currently apply in this work. It was shown that the PES calculated as a function of twisting degrees of freedom ϕ and ψ determines the partition function of the system. To illustrate our method, we used the PES calculated for alanine hexapeptide within the framework of the ab initio density functional theory [2] and obtained The heat capacity peak is asymmetric. The heat capacity at higher temperatures, beyond the heat capacity peak, is not zero and forms a plateau (see Fig. 8 ). The plateau is formed due to the conformations of the amino acids with larger energies [2] . At T=1000 K • ), the difference in the heat capacity of the polypeptide is 7.6 · 10 The magnitude of the plateau increases with the growth of the polypeptide length. This happens because the number of energy levels with high energies rapidly increases for longer polypeptide chains.
Calculation of the Zimm-Bragg parameters
An alternative theoretical approach for the study of α-helix↔random coil phase transition in polypeptides was introduced by Zimm and Bragg [4] . It is based on the construction of the partition function of a polypeptide involving two parameters s and σ, where s describes the contribution of a bounded amino acid relative to that of an unbounded one, and σ describes the entropy loss caused by the initiation of the α-helix formation.
The Zimm-Bragg theory [4] is semiempirical because it is parameter dependent. The theoretical method described in our preceding paper [1] and which we use in the present paper is different as it does not include any parameters and the construction of the partition function is based solely on the PES of a polypeptide. Therefore, the construction of our partition function is free of any parameters, and this is what makes it different from the models suggested previously. Assuming that the polypeptide has a single helical region, the partition function derived within the Zimm-Bragg theory, reads as:
where n + 1 is the number amino acids in the polypeptide, s and σ are the parameters of the Zimm-Bragg theory. The partition function, which we use in the present paper Eq. (1) can be rewritten in a similar form:
Here n is the number of amino acids in the polypeptide and the functions s(T ) and ξ(T ) are defined as:
where ǫ (b) (ϕ, ψ) and ǫ (u) (ϕ, ψ) are the potential energies of a single amino acid in the bounded and unbounded conformations respectively calculated versus its twisting degrees of freedom ϕ and ψ. By comparing Eqs. (9) and (10), one can evaluate the Zimm-Bragg parameters as:
where β(T ) is defined in Eq. (4).
The dependence of the Zimm-Bragg parameters s and σ on temperature is shown in Fig. 10a and Fig. 10b respectively. The function −RT ln(s) grows linearly with an increase in temperature, as seen in Fig. 10a . The zero of this function corresponds to the temperature of the phase transition in an infinitely long polypeptide. In our calculation it is 860 K • (see black line in Fig. 10a) . Parameter σ is shown in the logarithmic scale and has a maximum at T = 560 K • . Note, that this maximum does not correspond to the temperature of the phase transition.
The parameters of the Zimm-Bragg theory were considered in earlier papers [16, 19, 52] .
In Fig. 10a we present the dependence of parameter s on temperature calculated in [19] (see squares, triangles and stars in Fig. 10b ) using a matrix approach described in Ref. [6] .
The energies of different polypeptide conformations were calculated using the force field described in Ref. [53] . Squares, triangles and stars correspond to three different force field parameter sets used in Ref. [19] , which are denoted as sets A, B and C. Fig. 10a shows that the results of our calculations are closer to the results obtained using the parameter set C.
This figure also illustrates that the Zimm-Bragg parameter s depends on the parameter set used. Therefore, the discrepancies between our calculation and the calculation performed in
Ref. [19] arise due to the utilization of different force fields.
The Zimm-Bragg parameter σ was also calculated in Ref. [19] . However, it was not systematically studied for the broad range of temperatures, and therefore we do not plot it in Fig. 10b . In Ref. [19] the parameter σ was calculated only for the temperature of the α-helix↔random coil phase transition ranging from 620 K • to 800 K • . In Ref. [19] , it was also demonstrated that parameter σ is very sensitive to the force field parameters, being in the range 10 −9.0 − 10 −3.6 . In our calculation σ = 10 −3.4 at 860 K • . The dependence of the parameter σ on the force field parameters was extensively discussed in Ref. [19] , where it was demonstrated that this parameter does not have a strong influence on the thermodynamical characteristics of phase transition. 
Helicity of alanine polypeptides
Helicity is an important characteristic of the polypeptide which can be measured experimentally [21, 22, 23, 24] . It describes the fraction of amino acids in the polypeptide that are in the α-helix conformation. With the increase of temperature the fraction of amino acids being in the α−helix conformation decreases due to the α-helix↔random coil phase transition. In our approach, the helicity of a polypeptide is defined as follows:
where n is the number of amino acids in the polypeptide, Z b , Z u are the contributions to the partition function from amino acids in the bounded and unbounded states defined in Eqs. (2) and (3) respectively. The dependence of helicity on temperature obtained using the statistical approach for alanine polypeptides of different length are shown in Fig. 11 . The kink in the helicity curve corresponds to the temperature of the phase transition of the system. As seen from Fig. 11 , with an increase of the polypeptide length, the helicity curve is becomes steeper as the phase transition is getting sharper. In the limiting case of an infinitely long polypeptide chain, the helicity should behave like a step function. This is yet another feature of a first-order phase transition.
D. Correlation of different amino acids in the polypeptide
An important question concerns the statistical independence of amino acids in the polypeptide at different temperatures.
In the present section we analyze how a particular conformation of one amino acids influences the PES of other amino acids in the polypeptide.
In Fig. 12 we present the deviations of angles ϕ and ψ from the twisting angles ϕ 10 and ψ 10 in the 10 − th amino acid of alanine polypeptide. These results were obtained on the basis of MD simulations of the Ala 21 polypeptide at 300 K • and at 1000 K • . The deviation of angles ϕ and ψ is defined as follows:
where i is the amino acid index in the polypeptide and M is the number of MD simulation steps. Note, that the plots shown in Fig. 12 do not depend on the reference amino acid (we used the middle amino acid in the polypeptide).
FIG. 12:
The root mean square deviation of angles ϕ and ψ calculated with the use of Eq. (14) for alanine polypeptide consisting of 21 amino acids. The calculations were done in respect to the tenth amino acid of the polypeptide for 300 K (top plot) and for 1000 K (bottom plot).
The top plot in Fig. 12 was obtained at 300 K • . At this temperature, all amino acids in the polypeptide are in the α−helix conformation, and the deviation of angles ϕ and ψ is less than 16
• for all amino acids except the boundary ones, where the relative deviation of the angles ϕ and ψ is 28
• and 34
• respectively. This happens because, while the boundary amino acids are loosely bounded, the central amino acids in the polypeptide are close to the minima that corresponds to an α−helix conformation. In the α−helix state, all central amino acids are stabilized by two hydrogen bonds, while the boundary amino acids form only one hydrogen bond.
At 1000 K • the polypeptide is, to large extent, found in the random coil phase and therefore becomes more flexible. In the random coil phase, the stabilizing hydrogen bonds are broken, and the deviation of angles ϕ and ψ significantly increases. This fact is clearly seen in the bottom plot of Fig. 12 . However at 1000 K, the deviation of angles ϕ and ψ in the central and in the boundary amino acids is almost the same, confirming the assumption that in the random coil phase, short alanine polypeptides do not build hydrogen bonds.
Another important fact which is worth mentioning is that in the random coil phase (and in the central part of the α−helix), the deviation of angles ϕ and ψ does not depend on the distance between amino acids in the polypeptide chain. For instance, the deviation between angles in the 10 − th and in the 11 − th amino acid is almost the same as the deviation between angles in the 10 − th and in the 17 − th amino acid. This fact allows one to conclude that in a certain phase of the polypeptide (α-helix or random coil), amino acids can be treated as statistically independent.
IV. CONCLUSION
In the present paper we presented results of calculations obtained with the statistical method described in our preceding paper [1] . We have also performed a detail analysis of the α-helix↔random coil transition in alanine polypeptides of different lengths. We have calculated the potential energy surfaces of polypeptides with respect to their twisting degrees of freedom and constructed a parameter-free partition function of the polypeptide using our statistical formalism [1] . From this partition function, we derived and analyzed the temperature dependence of the heat capacity, latent heat and helicity of alanine polypeptides consisting of 21, 30, 40, 50 and 100 amino acids. Alternatively, we have obtained the same thermodynamical characteristics from the use of molecular dynamics simulations and compared them with the results of our statistical mechanics approach. The comparison proved the validity of our method and established its accuracy.
It was demonstrated that the heat capacity of alanine polypeptides has a peak at a certain temperature. The parameters of this peak (i.e. the maximal value of the heat capacity, the temperature of the peak, the width at half maximum, the area of the peak) were analyzed as a function of polypeptide length. Based on the predictions of the two energy-level model, it was demonstrated that the α-helix↔random coil transition in alanine polypeptide is a first order phase transition.
We have established a correspondence of our method with the results of the semiempir-ical approach suggested by Zimm and Bragg [4] . For this purpose we have determined the key parameters of the Zimm-Bragg semiempirical statistical theory. The calculated parameters of the Zimm-Bragg theory were compared with the results of earlier calculations from
Ref. [19] .
The final part of this paper deals with the statistical independence of amino acids in the polypeptide at different temperatures. It was shown that a particular conformation of one amino acids influences the PES of other amino acids in the polypeptide. We demonstrated that in a certain phase, amino acids can be treated as statistically independent.
In this paper, we demonstrated that the new statistical approach is applicable for the description of α-helix↔random coil phase transition in alanine polypeptides. However, this method is general and can be used to study similar processes in other complex molecular systems. For example, it would be interesting to apply the suggested formalism to the study of β-sheet↔random coil phase transition and to the study of non-homogeneous polypeptides In this work we have investigated α-helix↔random coil phase transition of alanine polypeptides in vacuo. So far there has been done no experimental work on α-helix↔random coil transition in gas phase. Nevertheless, it is important that such experiments are possible and can be performed using of the techniques MALDI [54, 55, 56, 57] and the ESI mass spectroscopy [58, 59] . We hope that our theoretical analysis of the α-helix↔random coil in alanine polypeptides in vacuo will stimulate experimentalists to verify our predictions.
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